In this paper we give examples of applications of general methods of quantization by symmetrization of classical integrable systems, which have been illustrated in two previous works by the same authors. We consider two classes of systems in n spatial dimensions, which respectively describe a point particle in a central force field and a freely rotating rigid body. In the former case, the application of the general methods to an integrable classical system leads in an almost straightforward way to the quasi-integrability of the corresponding quantum system. In the latter case instead, a modification of the symmetrization procedure is necessary in order to achieve quantum integrability for n = 6.
Introduction
In two previous papers of this series, we have introduced the concept of quasiintegrable quantum system [1] , and we have established general methods to obtain examples of such systems starting from classical integrable systems [2] . Integrability of an operatorĤ is defined as the existence of a sufficiently large setF of operators which commute withĤ, more exactly a quasi-integrable setF of operators. The main source of integrable sets are Lie closed sets of operators commuting withĤ. Making the union of several such sets one can obtain an integrable setF . An important particular case of Lie closed set is a Lie algebra of operators. General methods for the constructions of integrable sets are based on the symmetrization of the products of operators, which correspond to the elements of an integrable set of functions for the classical system. In the present paper these methods will be applied to some important classes of integrable classical and quantum systems.
In section 2 we consider systems in a Euclidean space of arbitrary dimension n, which describe a point particle in a central force field. The discussion is then extended to more general one-particle systems which are symmetric with respect to the group of rotations SO(n). For all these cases we construct various types of classical integrable sets of functions. These sets contain in general 2n − k elements, where k is equal to the number of elements in the central subset [3] . This number, for the various integral sets here considered, can take all possible values from 2 to n. Each integrable set can be applied to all systems whose hamiltonian is an arbitrary function of the central elements. In all these cases we show that, by applying the general results of [2] , one can obtain a corresponding integrable quantum systems with an equal number k of central operators.
In section 3 we then consider a freely rotating rigid body in a Euclidean space of arbitrary dimension n. In the classical case, it is known that this system is completely integrable. By applying our scheme of noncommutative integrability [3, 4, 5] , we find how the number k of central integrals depends on the space dimension n and on the properties of the set of generalized moments of inertia of the body. We then show that, for n ≤ 5, the application of the general results of [2] leads in an almost straightforward way to the integrability of the corresponding quantum systems. However, for n = 6 we find that a modification of the symmetrization procedure is necessary in order to obtain a quasi-integrable set of operators. In fact, a Manakov polynomial of fourth order in the left-invariant momenta, which belongs to the central subset of the classical integrable set, does not commute with the hamiltonian operator after symmetrization in the momenta. However, commutativity can be restored by adding to it a suitable second order polynomial. One can conjecture that analogous procedures can be applied also for n > 6.
2 One-particle systems in a n-dimensional central force field
It is well-known that several mechanical systems have been proven to be integrable both at the classical and at the quantum level. The integrability of various classes of systems is discussed for instance in [6, 7, 8, 9, 10, 11, 12] . These systems usually consist of point particles moving in a space of one or more dimensions, subjected to an external potential or mutually interacting via suitable two-particle potentials. In particular, in [13] a class of maximally superintegrable systems is studied, which includes as a particular case the hydrogen atom in n dimensions. In this section we too shall consider systems in n dimensions which generalize in some sense the hydrogen atom problem, although our aim will be partly different with respect to most of the cited investigations. We shall not in fact restrict ourselves to considering hamiltonians which are the sum of the usual kinetic term and of a potential term dependent only on the position. We shall instead consider a generic invariant hamiltonian with respect to the group of n-dimensional rotations, and we shall look for all the possible integrable sets of functions and operators which can be constructed for such an hamiltonian. It is then obvious that each of these sets can also be associated with the entire class of integrable systems, whose hamiltonian is expressible as a functions of the central elements of the set. In this way our approach leads to the systematic individuation of families of integrable systems in n spatial dimensions. However, we shall not discuss the possible physical interpretation of the systems obtained with this method.
Classical particle in a central force field
The hamiltonian function of this system in an n-dimensional euclidean space has the following form:
where U ∈ C ∞ (0, +∞). Here we use the notation r = √ x 2 , x = (x 1 , . . . , x n ) , p = (p 1 , . . . , p n ) .
The first term on the right-hand side of (2.1) corresponds to the kinetic energy of the particle, and the second one corresponds to its potential energy. The configuration space K of this classical system is the n-dimensional euclidean linear space R Let us denote the Lie algebra of the group G as g = so(n). Each element a of g is associated with a vector field v a on R n x . The corresponding vector field on the symplectic manifold M ⊂ T * R n x is hamiltonian with hamiltonian function P a (m) = p, v a (x) , where p = m ∈ T * x R n x is a linear form on T x R n x . Let (v a1 (x), . . . , v an (x)) be the components of the vector field v a in coordinates x = (x 1 , . . . , x n ); then P a (p, x) = i p i v ai (x), where (p, x) are canonical coordinates on T * R n x . In the considered case, in which the group is G = SO(n), an element a of the Lie algebra g is represented by a skew-symmetric matrix A = A a , and the vector v a (x) at the point x = (x 1 , . . . , x n ) has the form v a (x) = −A a x. The action of the group G on T * R n x is a Poisson action, i.e., {P a , P b } = P [a,b] , where a, b are any two elements of g, and [a, b] is the commutator defined in this algebra. Each system of cartesian coordinates in R n x defines in the algebra g a basis whose elements are given in these coordinates by matrices D ij , 1 ≤ i < j ≤ n, having a particularly simple form. These matrices have only two non-zero elements which are equal to ±1. Namely, D According to this formula, a matrix D ij can naturally be defined also for i ≥ j, and we have D ji = −D ij ∀ i, j = 1, . . . , n. The commutation relations between these matrices are
Note that, whenever the commutator is nonzero, only one of the four terms on the right-hand side is different from zero. Let P ij denote the function P a , corresponding to the matrix A a = D ij . Then
From (2.3) one immediately derives that the Poisson brackets relations between these functions are {P ij , P hk } = −δ ih P jk − δ jk P ih + δ ik P jh + δ jh P ik . (2.5)
Let P (x, p) denote the N -dimensional vector (P ij (x, p), 1 ≤ i < j ≤ n). It is easy to verify that the rank of the map P : R 2n xp → R N at a typical point (x, p) is equal to 2n − 3. Let P 2 denote the square of the length of vector P , i.e., P 2 := 1≤i<j≤n P 2 ij = r 2 p 2 − (x · p) 2 . Here x · p denotes the scalar product of vectors x and p, i.e., x · p := n i=1 x i p i . Using (2.5) it is easy to check that {P 2 , P ij } = 0 (2.6)
for any component P ij of vector P . It is clear that one can select 2n − 4 components L = (P i1j1 , . . . , P i2n−4i2n−4 ) of this vector, such that the set Π := (P 2 , L) defines a regular map Π : R 2n xp → R 2n−3 almost everywhere in R 2n
xp . This means that the rank of the map Π is equal to 2n − 3 almost everywhere. A possible choice is L = (P 13 , P 14 , . . . , P 1n , P 23 , P 24 , . . . , P 2n ).
Let us add to this set the hamiltonian function H = H(x, p), and denote by F = (H, P 2 ; L) the resulting set of 2n − 2 functions. It is easy to see that this set F is functionally independent almost everywhere, that is the set of critical points of the map defined by this set has zero measure, is a closed set and is nowhere dense. Using the relations
for i, j, k = 1, . . . , n, it is also easy to verify that
that is {r 2 , P jk } = {p 2 , P jk } = 0. Hence {H, P } = 0. Since L ⊂ P , this implies that the set F has 2 central functions, H and P 2 . According to the definition given in [1] , F is thus an integrable set with two central integrals, and the system with hamiltonian function H is globally integrable with set of invariants F . The conservation of P implies that the orbit of the particle lies in a 2-dimensional plane.
Proposition 2.1. Let (V 1 , . . . , V l ) and (W 1 , . . . , W s ) be two sets of functionally independent functions on a 2n-dimensional symplectic manifold, such that {V i , W k } = 0 for i = 1, . . . , l and k = 1, . . . , s. Then l + s ≤ 2n.
Taking into account the above well-known result, we can describe the set of all integrable classical systems which are invariant with respect to the action of the group G = SO(n) on R 2n xp , i.e., the integrable systems whose hamiltonian H is in involution with vector P . Lemma 2.2. We have {H, P } = 0 if and only if locally H = f (p 2 , r, P 2 ).
Proof. Let us suppose that H = f (p 2 , r, P 2 ). Since the functions r, p 2 , P 2 are in involution with P (see above), we have {H, P } = 0.
Viceversa, let us suppose that there exists a function H(x, p) such that {H, P } = 0 and that has not locally the form H = f (p 2 , r, P 2 ). In this case we would have 4 functionally independent functions p 2 , r, P 2 and H, which are in involution with the 2n − 3 functionally independent functions of the set Π. Since the sum of the numbers of functions belonging to these two sets equals 2n + 1, this would be in contradiction with proposition 2.1. Proposition 2.3. In the real analytic case, a hamiltonian function H is in involution with P and is integrable if and only if it has locally the following form: H = f (p 2 , r, P 2 ). The situation considered in all the present article refers to the more general case of infinitely differentiable functions, that is of class C ∞ . In this case, if {H, P } = 0 and H is integrable, then
is not zero, more exactly ∂f /∂(p 2 , r) = 0 almost everywhere, then H is integrable and {H, P } = 0. Such systems are always integrable with k = 2, with central integrals H and P 2 . In certain cases it is possible to find an additional integral, and to have integrability with k = 1. For example in the case of the Newton potential, that is for H = p 2 /2 − α/r, and in the case of identical uncoupled oscillators, that is for H = (p 2 + r 2 )/2. The system with hamiltonian function H which is a function only of the square angular momentum, more exactly H = f (P 2 ), where df = 0 almost everywhere, is integrable with k = 1. Let us present the integrable sets F = F (H) which correspond to these hamiltonian functions. For H = f (p 2 , r, P 2 ), where the function f is not locally functionally dependent only on P 2 , one can take F = (H, P 2 ; L), and therefore k = 2.
. . , H n−1 , P 12 , P 13 , . . . , P 1n ), where
. In all cases except the first one, we have k = 1.
Proof. According to the previous lemma, {H, P } = 0 if and only if H = f (p 2 , r, P 2 ). If ∂f /∂(p 2 , r) = 0 almost everywhere, we can repeat the proof given at the beginning of section 2.1 for the case H = p 2 /2 − U (r). By adding the function H to the set Π = (P 2 , L), we thus obtain a set of 2n − 2 functions which defines almost everywhere a regular map and has two central integrals, H and P 2 . Therefore the system is integrable with k = 2. If instead f = f (P 2 ), then the set F = (P 2 ; p 2 , r, L) is an integrable set with k = 1. For the Kepler system, H = p 2 /2 − α/r, it is straightforward to verify that {H, A i } = 0, where
. . , n [14] . Since vector A lies in the plane of the orbit and satisfies A 2 = 2P 2 H +α 2 , obviously only one component of A is functionally independent of the set (H, P 2 , L). Hence F = (H; P 2 , L, A 1 ) is an integrable set with k = 1. Of course, one has to keep in mind that the potential U (x) = −α/r is a solution of the Laplace equation
actually describes a set of resonators with equal frequencies, and will be considered again in a following paper.
In all the considered cases, the linear independence of the differentials of the functions F (H) can be checked directly by considering the corresponding jacobian matrices. In the analytic case, either H = f (P 2 ), or ∂f /∂(p 2 , r) = 0 almost everywhere: therefore integrability is always guaranteed.
Remark 2.1. In the previous proposition we have considered the potential α/r for a particle in a space of arbitrary dimension n. Of course one has to keep in mind that such a potential is a Green function for the n-dimensional Laplace operator only for n = 3. Let us consider the case H = f (p 2 , r, P 2 ), with ∂f /∂(p 2 , r) = 0 almost everywhere. We have seen that these systems are integrable with k = 2. This means that the typical invariant surface for the phase-flow of the system is a two-dimensional torus. It is however possible to find for the same systems also integrable sets with a larger number k of central integrals, up to the maximum possible number k = n which corresponds to standard Liouville integrability. In this way one can construct a larger class of integrable systems, which includes all systems whose hamiltonian is an arbitrary function of the central elements of the set. In general, such systems will no longer be invariant under the action of the whole group SO(n), but only of some subgroup of it.
For example, in the familiar case n = 3, one can take F = (H, P 2 ; P 12 , P 13 ), with k = 2, but also F = (H, P 2 , P 12 ), with k = 3, or in general F = (H, P 2 , P a ), where P a is the momentum associated with any arbitrary element a ∈ so(3). It follows that any system with hamiltonian K = g(p 2 , r, P 2 , P a ), where g is a function such that ∂g/∂(p 2 , r) = 0, is integrable with k = 3. Of course any such system is only invariant with respect to the one-parameter subgroup of the rotations around the axis associated with a. Definition 2.1. We say that two integrable sets are functionally equivalent if the elements of one set are locally functions of the elements of the other set.
Owing to the arbitrariness in the choice of the element a ∈ so(3), we see that, for the system with hamiltonian H = f (p 2 , r, P 2 ), there exist infinitely many functionally inequivalent integrable sets with k = 3.
Let us now consider the case of arbitrary n. Note first of all that in the integrable set described in proposition 2.3, all n coordinates of configuration space are treated on the same footing, since all possible choices of the 2n − 4 noncentral elements of the set actually lead to functionally equivalent integrable sets. More generally, under any transformation of the group SO(n), the set F with k = 2 is transformed into an equivalent set. One can however construct other integrable sets in the following way. One takes the function P 2 as central element, and then splits the set of n coordinates of configuration space into two arbitrary disjoint subsets. One takes as additional central elements the two functions, one for each of these two subsets, which are obtained by summing the squares of all the components of P acting on the coordinates of the subset. Then, for any of the two subsets of coordinates, one can proceed in two alternative ways. Either one takes as integral functions a suitable set L ′ of 2n ′ − 4 momenta acting on the coordinates of the subset, where n ′ is the number of such coordinates, or one splits again the subset into two arbitrary smaller disjoint subsets, and repeats the procedure. If one wishes, one can continue splitting the subsets into two parts, until one is left with only subsets consisting of either one or two space coordinates (the splitting of a set of two coordinates is ineffective with respect to the resulting integrable set). Coming back to the case n = 3, we see that the integrable system F = (H, P 2 , P 12 ) considered above corresponds to the splitting of the set of coordinates (x 1 , x 2 , x 3 ) into the two subsets (x 1 , x 2 ) and (x 3 ). The general procedure is described in a formal way by the following proposition.
Proposition 2.4. For any n ≥ 2 and for any z = 1, . . . , n − 1, it is possible to construct in a recursive manner sets Z n,z and L n,z of polynomial functions of degree ≤ 2 in the variables P n := (P ij , 1 ≤ i < j ≤ n), with the following properties:
Given any set A, it is useful to denote with ♯A the number of its elements. Properties 1 and 2 can thus be written ♯Z n,z = z and ♯L n,z = 2(n − z − 1) respectively. Property 4 means that any element of Z n,z is in involution with all elements of the set Π n,z .
Proof. According to proposition 2.3, for z = 1 one can take Z n,1 = P 2 n and form L n,1 by collecting 2n − 4 suitable elements of P n . For n = 2 we can only have z = 1, Z 2,1 = (P 12 ) and L 2,1 = ∅. In order to construct sets Z n,z and L n,z , with n > 2 and 2 ≤ z ≤ n − 1, we shall proceed by induction on n.
Let us take m > 2 and suppose that, for all n = 2, . . . , m − 1, we have constructed sets Z n,z and L n,z of polynomial functions of degree ≤ 2 in P n , for all possible z = 1, . . . , n − 1, satisfying properties 1-4 specified above. Let us split the set of indexes N m := (1, . . . , m) into two arbitrary nonempty disjoint subsets I 1 and I 2 , such that ♯I 1 = n 1 , ♯I 2 = n 2 , n 1 + n 2 = m and N m = I 1 ∪ I 2 . For k = 1, 2, consider the two sets of momenta P (k) ⊂ P m , with
This means that the elements of P (k) are the generators of the orthogonal transformations of the subspace R n k ⊂ R m having set of coordinates (x i , i ∈ I k ). We have obviously {P (1) 
, which are obtained from the set of polynomials Z n k ,z k and L n k ,z k by replacing the variables
It is easy to see that the sets Z m,z and L m,z satisfy properties 1-4 above for n = m. If n 1 = 1, z 1 = 0, n 2 = m − 1, z 2 = 1, we obtain z = 2. With any other choice of n k and z k , k = 1, 2, z can assume any value from 3 to m − 1.
Let the hamiltonian of a system have the form H = f (p 2 , r, P 2 ), with ∂f /∂(p 2 , r) = 0 almost everywhere. From proposition 2.4 it follows that the sets of functions F n,z := (H, Z n,z ; L n,z ) are integrable sets, with subset of central elements (H, Z n,z ), for all z = 1, . . . , n − 1. We have ♯F n,z = 2n − k and k = z + 1. Hence the number k of central elements can take all values from k = 2 to k = n.
It has to be noted that all integrable sets with k > 2, obtained by means of proposition 2.4, depend on the choice of a cartesian set of coordinates on R n . This means that, to any such set of coordinates, it corresponds in general an inequivalent integrable set. If one performs a transformation of SO(n) on configuration space, then a given integrable set is transformed into an equivalent one only if the transformation leaves invariant all the central functions of the set.
As an example of application of proposition 2.4, in the two following tables we show explicitly some integrable sets which are obtained in the two cases n = 4 and n = 5 respectively. In these tables we use the notation P 
Quantum particle in a central force field
The hamiltonian operatorĤ of this system is obtained from the hamiltonian function (2.1) by standard quantization (see definition in [1] ), which here simply consists in the substitution p → ∂/∂x and the the replacement of the multiplication of functions with the composition of corresponding operators, in symbols: × → •. We thus obtainĤ
where
The operatorp 2 is the Laplace operator in cartesian coordinates. We can proceed as for the classical system, and on the basis of the classical formulas we will obtain the corresponding formulas where functions are converted into operators and Poisson brackets into Lie brackets. In a similar way we will also verify the quasi-independence of operators. Let us fix cartesian coordinates in R n x . Let (x, p) be the corresponding canonical coordinates on R 2n xp = T * R n x . Let us consider the standard set of operators (x,p), wherep = ∂/∂x. This set is obtained by canonical quantization from the coordinates (x, p). Therefore, identifying (x, p) and (x,p) with the sets B and B respectively, one can study the algebra of the polynomial functions of these operators by applying propositions 3.1, 4.1, and also remark 4.4 of [2] . This remark is useful in order to deal with arbitrary functions of r.
Let us consider the operatorsP ij , 1 ≤ i < j ≤ n, obtained by symmetric quantization from the classical momenta P ij = x i p j − x j p i . Taking into account the canonical commutation relations
for i, j = 1, . . . , n, where δ ij is the Krönecker symbol, we have thatP ij = x ipj − x jpi , i.e., these operators coincide with the standard quantization of momenta P ij . From the quadratic dependence of P ij on (x, p), and from proposition 3.1 of [2] (case 1), it follows that the commutation relations among the operatorŝ P ij have the same form as the Poisson brackets (2.5) among the corresponding classical functions:
Similarly, from (2.9) and proposition 4.1 of [2] it follows that
It is also easy to verify that [U (r),P ] = 0 for any function U , in accordance with the first of (2.13) and with remark 4.4 of [2] . We thus conclude that [Ĥ,P ] = 0.
Using proposition 2.5 of [2] , it is easy to check that the operator (P 2 ) sym , obtained by symmetrization with respect to (x,p) of the square length P 2 of momentum P , coincides with the operatorP 2 = i<jP 2 ij up to an additive constant. We have in factP 2 = (P 2 ) sym + n(n − 1)/4. Since the additive constant n(n − 1)/4 is irrelevant for Lie brackets, from classical relations (2.6) and from proposition 4.1 (case b) of [2] we obtain
14)
The quasi-independence of the setΠ = (P 2 ,L) of 2n − 3 operators follows from the functional independence of the corresponding set of symbols Π = (P 2 , L), and from the homogeneity of these functions with respect to p. In fact, the latter property implies that these functions coincide with their respective main parts. Let us consider the setF = (Ĥ,P 2 ;L), whereĤ is given by (2.10). If U (r) ≡ 0, it is easy to check that the set of corresponding symbols F = (H, P 2 ; L) is functionally independent. Since these functions are homogeneous with respect to p, these functions are quasi-independent. Furthermore, since the main part of H does not depend on U , the property of quasi-independence is true for arbitrary U . Therefore, the quantum system with hamiltonianĤ is quasi-integrable with integrable setF = (Ĥ,P 2 ;L) and k = 2 central operators, H andP 2 . It is possible to give a partial characterization of integrable quantum systems which are invariant with respect to the action of the group G = SO(n) on R 2n xp , i.e., the systems whose hamiltonian operatorĤ commutes with vector operator P .
Proposition 2.5. If the hamiltonian operatorĤ of a system has the form:
, where the function f is an arbitrary noncommutative polynomial in the l + 2 variables (p 2 ,P 2 , g 1 (r), . . . , g l (r)), and g 1 (r), . . . , g l (r) are arbitrary functions of r, then [Ĥ,P ] = 0.
Viceversa, letĤ be an arbitrary operator of class O on K = R n \ {0}, such that [Ĥ,P ] = 0. Then the symbol of its main part MĤ with respect to linear momentap (see definitions in [1] ) has the form M H = g(p 2 , r, P 2 ), where g is a homogeneous polynomial in the two variables (p 2 , P 2 ), whose coefficients are arbitrary functions of r defined for all r > 0. If the polynomial g satisfies the condition ∂g/∂(p 2 , r) = 0 almost everywhere, then the systems is quasiintegrable with k = 2, with central integralsĤ and P 2 . In certain cases it is possible to find an additional integral, and to have quasi-integrability with k = 1. This is the case for example for the Newton potential, that is forĤ =p 2 /2−α/r, and for identical uncoupled oscillators, that is forĤ = (p 2 + r 2 )/2. The system with hamiltonian functionĤ which is a function only of the square angular momentum, more exactlyĤ = f (P 2 ), where df = 0 almost everywhere, is quasi-integrable with k = 1.
Let us present the integrable sets of operators F = F (Ĥ) which correspond to integrable quantum systems with these hamiltonian operators. For
, where the function f is not locally functionally dependent only onP 2 , one can take F = (Ĥ,P 2 ;L), and therefore k = 2. For
x ·p, which can for instance be easily verified using proposition 3.2 of [1] .
Proof. Let the operatorĤ of class O K have the formĤ = f (p 2 ,P 2 , g 1 (r), . . . , g l (r)), where the functions f, g 1 , . . . , g l have the properties specified in the proposition. Then the relation [Ĥ,P ] = 0 follows from (2.13) and (2.14).
Viceversa, letĤ be an operator of class O such that [Ĥ,P ] = 0. Then lemma 3.24 of [1] implies that {M H, P } = 0, where H and P are the symbols of H andP respectively. Using lemma 2.2 we thus obtain that M H = g(p 2 , r, P 2 ), where g is an arbitrary function of three variables. Furthermore, since p 2 and P 2 are both homogeneous polynomials of order 2 in p, taking into account the definition of main part we obtain that g is a homogeneous polynomial in the two variables (p 2 , P 2 ), whose coefficients are arbitrary functions of r defined for all r > 0.
The proof of the remaining statements is similar to the proof of the corresponding statements of proposition 2.3. Let us consider, in particular, the hamiltonianĤ =p 2 /2 − α/r of the quantum Kepler system [15] . Using (2.13), together with proposition 2.1 and lemma 2.2 of [2] , it is easy to verify that [Ĥ,Â i ] = 0, whereÂ
We have used above the symbol ⋄ to denote symmetrized products, as in [2] . Only one component ofÂ is quasi-independent of the set (Ĥ,P 2 ,L). Note that we have in this caseÂ
Finally, it is easy to check that the main parts of the operators of the sets considered in the last part of the proposition are functionally independent.
The commutation relations between operators, from which the integrability of the considered sets of operators has been established, have been derived exploiting the quadratic dependence of classical momenta P ij on the canonical variables (x, p). Let us now present an alternative proof of these relations, which is only based on the linear dependence of these momenta on impulses p. We shall consider the quantization of an arbitrary vector field on configuration space K, more exactly, the quantization of the hamiltonian function on T * K which corresponds to the lifting of this field on T * K. These considerations are useful for the investigation of any linear operator which is invariant with respect to the phase flows of such vector fields on K, independently of the assumption that these vector fields be linear.
Let P = (P 1 , . . . , P l ) be a set of functions on the symplectic manifold M = T * K, which are linear with respect to p:
15)
Let us suppose that the linear combinations of these functions with constant coefficients form a Lie algebra g with Poisson brackets in the role of commutators, and that the functions of the set P form a basis of this algebra. Let us consider the set of operatorsP = (P 1 , . . . ,P l ) obtained by standard quantization from the set of functions P , i.e.,
Then the linear combinations of these operators form also a Lie algebra with respect to the usual commutator of linear operators. Moreover, let us consider the linear map, from the original Lie algebra of functions on M to the Lie algebra of operators, which is defined by the correspondence of sets P →P , obtained by standard quantization. This map is a isomorphism between these two Lie algebras, i.e., the linear map preserves commutators. This fact is an obvious consequence of the following more general proposition. Let us consider the Lie algebra V = Vect K (K × R) of all vector fields defined on the direct product K×R ∋ (x, u), which do not depend on u. The commutator in this algebra is the usual Lie bracket of vector fields. In local coordinates (x, u),
Let us consider also the algebra F of all functions P on the symplectic manifold M = T * K which are linear with respect to the impulse p, i.e., functions of the form (2.15). Let us also consider the Lie algebra O of all linear nonhomogeneous differential operators on K, i.e., operators of the form (2.16).
Proposition 2.6. There are canonical isomorphisms between these three Lie algebras V, F , O. In local coordinates on K, the coefficients v 0 (x), v 1 (x), . . . , v n (x) defining the elements of these algebras are conserved under these isomorphisms.
Let V and W be two vector fields of class V = Vect K (K ×R). Let us indicate the functions and operators, associated with these fields, as P V , P W andP V ,P W correspondingly. Then the conservation of commutators of these algebras under the considered isomorphisms can be written in the form
The hamiltonian vector field X P , defined by the hamiltonian function P ∈ F , can be lowered by natural projection π : T * K → K. This means that π * (X P (m)) ∈ T x K does not depend on the choice of the point m ∈ π −1 (x), where X P (m) is the vector field X P at point m, π * : T M → T K is the derivative of the map π, and T x K is the tangent space to K at point x. Suppose that P = P V , where V ∈ V. Since the elements of V do not depend on u, the vector field V can be lowered onto configuration space K via the natural projection K × R u → K. These two vector fields, obtained by projection on K from P V and V respectively, are coincident.
Proof. Both statements of this proposition, about the correspondence of commutators of the three Lie algebras and about the coincidence of the projections on K of the two vector fields, can be easily checked by direct computation in local coordinates. In general, these statements are reformulations of simple well-known facts.
Since classical momenta P ij (p, x) = x i p j − x j p i are linearly dependent on classical impulses p, we can use the above proposition to deduce the commutation relations (2.12) for the operatorsP ij from the corresponding classical relations (2.5).
Relations (2.5) show that the set of momenta P ij , 1 ≤ i < j ≤ n, is a basis of the Lie algebra g = so(n), which is isomorphic to the Lie algebra of all skew-symmetric matrices. A natural basis in this Lie algebra is formed by matrices D ij , 1 ≤ i < j ≤ n, defined by formula (2.2). The correspondence D ij → P ij is extended to linear combinations of matrices D ij and functions P ij as an isomorphism of Lie algebras. The basis P = (P ij , 1 ≤ i < j ≤ n) of Lie algebra g induces a dual set of coordinates on the co-algebra g * . It is well-known that the function P 2 : g * → R,
, is an invariant of the co-adjoint representation of SO(n) on the co-algebra g * , where g = so(n). From corollary 4.4 of [2] , it follows that [(P 2 )
sym P
,P ] = 0, where
sym P denotes the symmetrization with respect toP of polynomial P 2 . But
We thus conclude that [P 2 ,P ] = 0.
Let us prove now that [r 2 ,P ] = [p 2 ,P ] = 0. Let us consider the set B = (1, x, p, P ) of l := n(n−1)/2+2n+1 functions on M 2n = T * K. From Poisson brackets relations (2.5), (2.7) and (2.8) it follows that this set of functions is a basis in a l-dimensional Lie algebra. The functions of set B are linear nonhomogeneous functions of p. Therefore proposition 2.6 implies that analogous commutation relations hold for the operators B = (1, x,p,P ) obtained from the functions of set B by standard quantization. We have in particular
Then relations (2.13) can be derived from (2.9) using proposition 4.2, case b, of [2] . The following proposition is the quantum equivalent of proposition 2.4.
Proposition 2.7. For any n ≥ 2 and for any z = 1, . . . , n − 1, it is possible to construct in a recursive manner setsẐ n,z andL n,z of polynomial functions of degree ≤ 2 in the variablesP n := (P ij , 1 ≤ i < j ≤ n), with the following properties:
Proof. LetẐ n,z andL n,z be the polynomials obtained from the classical ones Z n,z and L n,z of proposition 2.4, by simply replacing their arguments P n with the quantized momentaP n . In this case symmetrization is unnecessary, since in these polynomials all monomials of degree 2 are squares of elements ofP n . Since all elements of the set Π n,z = (Z n,z , L n,z ) are homogeneous polynomials in p, they coincide with the symbol of the main parts of the corresponding elements ofΠ n,z . Therefore the quasi-independence ofΠ n,z follows from the functional independence of the classical set Π n,z . Point 4 can be proved just by repeating the proof of proposition 2.4. When the set of indexes N m := (1, . . . , m) is split into two disjoint subsets I 1 and I 2 , consider in fact the two sets of operatorsP (k) ⊂P m , k = 1, 2, which are the standard quantization of the sets of momenta P (k) . From the isomorphism between the two Lie algebras generated by the sets P n andP n respectively, it follows that [P (1) ,P (2) ] = 0. Moreover, since P 2 m is a Casimir function for the co-algebra so(m) * , from corollary 4.4 of [2] it follows that [P
Hence point 4 is obtained by induction on n, as in the classical case.
LetĤ be an arbitrary operator of class O on K = R n \{0}, such that [Ĥ,P ] = 0. From proposition 2.5 it follows that M H = g(p 2 , r, P 2 ), where the function g is a homogeneous polynomial in the two variables (p 2 , P 2 ), with coefficients dependent on r. If the polynomial g satisfies the condition ∂g/∂(p 2 , r) = 0 almost everywhere, from proposition 2.7 it follows that the sets of operatorŝ F n,z := (Ĥ,Ẑ n,z ;L n,z ) are quasi-integrable sets, with subset of central elements (Ĥ,Ẑ n,z ), for all z = 1, . . . , n − 1. We have ♯F n,z = 2n − k and k = z + 1. Hence the number k of central elements can take all values from k = 2 to k = n.
Free rotation of an n-dimensional rigid body
The configuration space K of this system is the group SO(n) of orthogonal transformations of the n-dimensional euclidean space K = SO(n). Its phase space is M = T * K = T * SO(n). We shall present a detailed analysis of the integrability of the classical system, which distinguishes itself from other already existing investigations [16, 17, 18] , in the fact that we apply here the concept of noncommutative integrability (see definition 3.16 of [1] ), and analyze the dependence of the number k of central integrals on the properties of the set of generalized moments of inertia, more precisely on the presence in this set of subsets consisting of moments equal to each other. The results will then be applied to the investigation of the integrability of the corresponding quantum system. We begin however with a preliminary subsection on some properties of the group SO(n), most of which are more or less well-known, but which shall here be derived in a form and with a notation convenient for our present purposes.
Properties of left-and right-invariant vector fields on SO(n)
Any arbitrary Lie group G acts on itself by left and right shifts: for each element g ∈ G these are defined by the diffeomorphisms
Let us denote by T g G the tangent space to G at point g. Then the Lie algebra g associated with G can be identified with the tangent space g = T e G at the neutral element e of the group G. Let (L g ) * and (R g ) * respectively denote the derivatives of the maps L g and R g at e. Each element a ∈ g defines two vector fields V L a and V R a on G. At any point g ∈ G these vector fields are respectively defined as 
The Lie group G = SO(n) can be identified with the group of orthogonal matrices of size n × n, and its associated Lie algebra g = so(n) with the Lie algebra of skew-symmetric matrices of the same size. Then the vector field V L A (respectively V R A ) corresponding to the skew-symmetric matrix A is defined by the system of differential equationsẊ = XA (respectivelyẊ = AX), where X is an orthogonal matrix. The commutator of the Lie algebra g = so(n) is given by the usual commutator of matrices. We can therefore rewrite the above formulas for the Lie brackets between left-and right-invariant vector fields as
We can also consider the classical impulses P 
where p = m ∈ T * X G. These impulses form a Lie algebra with respect to Poisson brackets, which is isomorphic to the Lie algebra of the corresponding vector fields. Therefore, from relations (3.1) we derive
Let us consider the vector fields V L ij , V R ij , which are associated with the matrices D ij defined by formula (2.2). We recall that the set (D ij , 1 ≤ i < j ≤ n) forms a basis of the Lie algebra g = so(n) = T e G. This implies that V L ij (g) and V R ij (g) are two bases of linear space T g G, for any g ∈ G. From (2.3) and (3.1) we obtain that the Lie brackets between these vector fields have the form
These vector fields are associated with the classical impulses
According to (3.3) , the Poisson brackets between these functions have the same form as the Lie brackets (3.4)-(3.6) between the corresponding vector fields:
In the following we shall often indicate with P L = P L (m) and P R = P R (m) the two skew-symmetric matrices having components P
. Using the first of relations (3.3) we then obtain
where the last member represents the element at row h and column k of the commutator of the two matrices P L and A. In a similar way we obtain
form a linear basis of T X G for any X ∈ G = SO(n), we see from formula (3.7) that the correspondence p → P L (m) is an isomorphism between the linear spaces T * X G and so(n). It follows that, for a generic m ∈ M , the matrix P L (m) is a "typical" n × n skew-symmetric matrix. The same fact is obviously true also for P R (m).
Let us represent the generic element g of the group G = SO(n) as an orthogonal n × n real matrix X. If we indicate asX the transposed of the matrix X, so thatX βγ := X γβ , the orthogonality of X implies X −1 =X. For any skew-symmetric matrix A = −Ã, at any point X ∈ SO(n) the tangent vectorẊ = AX can also be written asẊ = XB, where B = X −1 AX is also a skew-symmetric matrix. Using this fact, it is easy to see that the basic leftand right-invariant vector fields introduced above are connected to each other by the relations
Similarly, we have for the corresponding impulses 14) or equivalently
where m ∈ T * X G. It is sometimes useful to indicate with P L and P R also the two sets of N = n(n − 1)/2 functions on T * G defined by formulas (3.7):
In this way the elements of the sets P L and P R , evaluated at a point m ∈ M , just coincide with the independent elements of the two skew-symmetric matrices P L (m) and P R (m) respectively, which were introduced before formula (3.11). In the following, it should be clear from the context whether P L (or P R ) indicates a skew-symmetric matrix or the corresponding set of N independent elements. Let F = (F 1 , . . . , F r ) be a set of r real functions F i : M → R, i = 1, . . . , r, on a manifold M . As usual, we denote as rank F at m ∈ M the dimension of the image F * (T m M ) of tangent space T m M with respect to the derivative F * of the map F : M → R r defined by the set F . Let dF = (dF 1 , . . . , dF r ) denote the set of the differentials of the elements of
. From these facts we deduce the following Lemma 3.1. Let F be a set of functions on a symplectic manifold M 2N . Then
Proposition 3.2. Let us consider the two set of functions P L and P R defined by formulas (3.16) and (3.7). On all M = T * G, where G = SO(n), we have
In addition, the two subspaces Span dP L and Span dP R of T * m M are related to each other by the equalities
Proof. Let us fix a system of coordinates x in a neighborhood of g ∈ G, and let (x, p) be the local coordinates induced from x on T * G. According to (3.7), we have V m M with respect to variables (x, p), so that rank P L = N . We obtain in a similar way that rank P R = N . Equalities (3.18) are thus proved. Formula (3.10) implies Span dP R ⊆ (Span dP L ) ∠ . Furthermore, formula (3.18) is equivalent to dim Span dP L = dim Span dP R = N . Therefore, applying lemma 3.1 to the set P L we obtain dim(Span dP L ) ∠ = N = dim Span dP R . These facts imply the former of equalities (3.19) . The latter is obtained in a similar way.
Let B denote the set B := (P L , P R ) of 2N = n(n − 1) functions on T * G.
Proof. Recalling equalities (3.19) , from the relation B = P L ∪ P R we obtain (Span dB)
In order to establish the linear dimension of subspace (3.20) , it is first necessary to recall a basic property of skew-symmetric matrices.
Lemma 3.4. Let us consider a skew-symmetric operator in an n-dimensional euclidean space L. Then there is a cartesian system of coordinates in which the operator is defined by a matrix which has the "normal block-diagonal" form:
where s = We shall denote with g typ ⊂ g = so(n) the set of all skew-symmetric matrices whose eigenvalues are pairwise different. Obviously, "almost all" elements of g also belongs to g typ . More exactly, g\g typ is a closed subset of g having vanishing measure. It follows that, if some statement is true in g typ , then it is true (at least) almost everywhere in g.
Let us fix an element a of the Lie algebra g, and consider the linear operator ad a : g → g in this algebra, ad a : b → [a, b]. The kernel of ad a is the subalgebra of all elements of g which commute with a, i.e., Ker ad a = {b ∈ g : [a, b] = 0}.
Let ad a (g) ⊂ g denote the image of g with respect to the operator ad a . Then
Let a be represented by a matrixĀ having the normal block-diagonal form (3.21), with α k > 0, α h = α k ∀ h, k = 1, . . . , s, h = k. Then ad a (g) is the linear space of the matrices B ∈ g such that B 12 = B 34 = · · · = B 2s−1,2s = 0, with s = [n/2], i.e., adĀ(g) = {B ∈ g :
Proof. Equality (3.22) follows from lemma 3.4, and from the observation that the linear space of the matrices of the form (3.21) has dimension s = n 2 . Equality (3.23) follows directly from (3.22), since dim g = N = n(n − 1)/2. A direct computation shows that, for any C ∈ g, one has B 2i−1,2i = 0 ∀ i = 1, . . . , n 2 , where B := [Ā, C]. Therefore the linear space on the right-hand side of (3.24) contains adĀ(g). Furthermore, it is obvious that the right-hand side of (3.24) has linear dimension N − n 2 . Taking into account (3.23), these facts imply (3.24).
For a given point m ∈ M = T * SO(n), let us consider the two skewsymmetric matrices P L (m) and P R (m) whose elements are defined by formula (3.7). Let us denote with M typ ⊂ M the set of all points m ∈ M such that P L (m) ∈ g typ . We see from formula (3.15) that P L (m) ∈ g typ if and only if P R (m) ∈ g typ . We also know (see remark 3.1) that, for a generic m ∈ M , the matrix P L (m) is a typical n × n skew-symmetric matrix. Hence, the eigenvalues of P L (m) are pairwise different for almost all m ∈ M . It means that almost all elements of M belong to M typ , or equivalently that M \ M typ is a closed subset of M having vanishing measure.
Let σ = σ(m) be the linear dimension of the kernel of the linear operator ad P L :
In other words, σ is the linear dimension of the subalgebra of all matrices A ∈ so(n) such that [P L , A] = 0. In addition, for all m ∈ M typ (hence, for almost all m ∈ M ) we have
Proof. According to formula (3.15), ∀ A ∈ g = so(n) we have
where Ad X (A) = XAX −1 is the image of A with respect to adjoint action Ad X : g → g of X on g. Hence, A ∈ Ker ad P L if and only if Ad X (A) ∈ Ker ad P R . This implies (3.26), since the adjoint action Ad X is an algebra automorphism of g. Equality (3.27) follows from formula (3.22) of corollary 3.5.
Proposition 3.7. Let us consider the set B = (P L , P R ) of 2N functions defined by formula (3.7). At any point m ∈ M = T * G, where G = SO(n), we have
where σ is defined by formula (3.25).
Proof. Equalities (3.19) and (3.20) imply that
Therefore (Span dB)
∠ is the set of all those elements a ∈ Span dP L such that Π(a, dP L hk ) = 0 ∀ h, k with 1 ≤ h < k ≤ n. According to (3.18) , dP L is a set of linearly independent elements of T * m G. Hence any covector a ∈ Span dP L can be expressed as a = i<j A ij dP L ij , where A ij are elements of a univocally determined skew-symmetric matrix A. We have
where for the last equality use has been made of formula (3.11). Therefore a ∈ (Span dP L ) ∠ if and only if [P L , A] = 0. This implies the first equality of formula (3.28); the second one can be obtained in a similar way.
Formula (3.28) shows that (Span dB) ∠ is in one-to-one correspondence with the subalgebra of matrices A ∈ so(n) such that [P L , A] = 0. Hence
so that (3.29) is obtained by applying lemma 3.1 to the set B.
From formulas (3.29) and (3.27) we immediately obtain the following:
The previous corollary, together with proposition 2.1, implies that there exist at most n 2 functionally independent functions on M which are in involutions with the whole set B. In order to explicitly construct a set of n 2 such functions, it is useful to extend to Lie algebras the notion of Casimir function which has already been introduced for Lie co-algebras in [2] .
Definition 3.2.
A Casimir function on a Lie algebra g is an invariant of the adjoint action of the local Lie group G, i.e., a function which is constant on the orbits of this action. In other words, a Casimir function K : g → R is a first integral which is common to all differential equations in g of typeḃ = [a, b], where b ∈ g and a is a fixed element of algebra g.
Let us consider the case g = so(n), i.e., g is the algebra of skew-symmetric matrices. Fix A ∈ g and consider the characteristic polynomial det(A − λE), where E is the identity matrix. The relationÃ = −A implies det(A + λE) = det(Ã + λE) = (−1) n (A − λE), so that the characteristic polynomial has the form det(λE − A) = λ n + C 1 (A)λ n−2 + C 2 (A)λ n−4 + · · · . The coefficients C 1 (A), . . . , C s (A) of this polynomial, where s = n 2 , are clearly polynomial functions of the N = n(n− 1)/2 independent elements A ij , 1 ≤ i < j ≤ n, of the skew-symmetric matrix A. Such elements are the coefficients of A with respect to the basis D ij of g given by formula (2.2). We will call C = (C 1 , . . . , C s ) the standard set of Casimir functions on so(n).
Lemma 3.9. The functions of the standard set C of Casimir functions on g = so(n) are really Casimir functions in the sense of definition 3.2. Moreover, the functions of set C form a basis in the space of all Casimir functions in the following "functional" sense. The differentials of the functions of set C are linearly independent at all points of g typ : therefore, they are linearly independent at almost all points of g. Moreover, every Casimir function K on g can be locally expressed as a function of the elements of this set: K = K(C).
Proof. These are actually well-known facts, but we give the proof for completeness. The adjoint action of the group G = SO(n) on the Lie algebra g = so(n) takes in the matrix representation the form A → Ad X (A) = XAX −1 , where X ∈ G, A ∈ g. Therefore det(A−λE) = det(Ad X (A)−λE), i.e., the polynomial det(A − λE) in the variable λ is invariant under the adjoint action of G. This means that the coefficients of this polynomial, i.e., the functions of set C, are also invariant, and are thus Casimir functions in the sense of definition 3.2.
Let us now examine the functional independence of the s functions of set C, where s = n 2 , at a given pointB ∈ g. To this end, we shall evaluate the rank of the s × N matrix
whose rows are labelled by the index h and the columns by the double index ij.
In the above formula, we have denoted with ∂C h (B)/∂B ij the partial derivatives of the Casimir function C h with respect to the independent elements B ij of the skew symmetric matrix B. We know from lemma 3.4 that there exists X = X(B) ∈ G such that Ad X (B) =Ā, whereĀ is a skew-symmetric matrix in the normal form (3.21), such that α k ≥ 0 for k = 1, . . . , s, and ±iα 1 , . . . , ±iα s , (0) are the eigenvalues ofB. Since C is a set of Casimir functions, we have that C(B) = C(Ā). Taking into account that Ad X is an invertible linear operator in g, it follows that rank J(B) = rank J(Ā). Let P (B, λ) := det(λE − B) denote the characteristic polynomial for the matrix B ∈ g. For any λ ∈ R it is easy to see that
Recalling the definition of the set C, equality (3.33) implies that all the columns of matrix J(Ā), corresponding to indexes ij with j > i + 1, are zero. We can thus write rank J(Ā) = rankJ(Ā), where we have introduced the s × s matrix
It is easy to see that, for a matrixĀ of the form (3.21), the characteristic polynomial has the form det(λE −Ā) = (λ) 
Therefore, recalling (3.34), we have detJ(Ā) = 2 s α 1 α 2 · · · α s K s (β(α)), where K s (β) is the determinant of the s × s jacobian matrix ∂D ∂β (β). It is easy to see that K s (β) is a symmetric polynomial of order s(s − 1)/2 in the variables β, which vanishes whenever β i = β j for some i = j. Therefore we can write K s (β) = c s i<j (β i − β j ). In order to evaluate the constant coefficient c s , we note that, when β s = 0, one has ∂D s /∂β i = 0 for i = 1, . . . , s − 1, and
. . , β s−1 ). Using this fact, it can be easily shown, by induction with respect to s, that c s = 1 ∀ s ∈ N. We thus conclude that
When all eigenvalues of matrixB are pairwise different, we have
In such cases we see therefore from (3.35) that detJ(Ā) = 0, so that rank J(B) = rankJ(Ā) = s. This means that the differentials of the s Casimir functions of set C are linearly independent atB.
In order to complete the proof of the lemma, we note that, according to corollary 3.5, at almost each point B ∈ g the set of vectors [A, B], where A varies on all g, forms a subspace of codimension s = n 2 in g. Since the differential of any Casimir function must be zero when acting on this subspace, we deduce that the differentials of any r Casimir functions, where r ≥ s, are linearly dependent at any point B ∈ g. Therefore the differential of any Casimir function K at any point of algebra so(n) is a linear combination of the differentials of the functions of the standard set, i.e., we have locally K = K(C).
Note that the set of all Casimir functions on g defines the orbits O of the adjoint representation of the corresponding local Lie group G by their common level surfaces: C −1 (c) = O, where C −1 (c) is the pre-image of a point c ∈ R s , and s = n 2 . More exactly, this is true in the domain of regularity of the map C : g → R s , defined by the set C. From this it is easy to obtain that the typical orbit O has codimension s in g, i.e., dim O = dim g − s.
For g = so(n), we can associate with every element b ∈ g * a unique skew symmetric matrix B such that (A, b) = 1 2 Tr (ÃB) = i<j A ij B ij ∀ A ∈ g. Clearly, the elements B ij , 1 ≤ i < j ≤ n, of matrix B are just the coefficients of b with respect to the dual basis of the basis D ij of so(n) defined by formula (2.2). According to this one-to-one correspondence, in the following we will often identify g * with the co-algebra of skew-symmetric matrices, and we shall denote with g * typ the set of all elements of g * whose eigenvalues are pairwise different. Obviously, almost all elements of g * also belongs to g * typ . It is easy to see that, in the matrix representation, the co-adjoint action of the group G = SO(n) on an element A ∈ g * has the same form as the adjoint action on the corresponding element of g, i.e., A → XAX −1 , with X ∈ G. It follows that the standard set of Casimir functions on the Lie algebra so(n), introduced in definition 3.2, also represents a standard set of Casimir functions on the space of skew-symmetric matrices, when the latter is identified with the co-algebra so(n)
* . This can be formally stated as follows.
Definition 3.3. Let g * be the dual co-algebra of g = so(n). Fix a skewsymmetric matrix A ∈ g * and consider the characteristic polynomial det(λE − A) = λ n + C 1 (A)λ n−2 + C 2 (A)λ n−4 + · · · . The coefficients C 1 (A), . . . , C s (A) of this polynomial, where s = n 2 is the integer part of n 2 , are polynomial functions of the set α of the matrix elements of A. We will call C = (C 1 , . . . , C s ) the standard set of Casimir functions on so(n) * .
Lemma 3.10. The functions of the standard set C of Casimir functions on the coalgebra g * , where g = so(n), are really Casimir functions in the sense of the definition given in [2] . Moreover, the functions of set C form a basis in the space of all Casimir functions in the following "functional" sense. The differentials of the functions of set C are linearly independent at all points of g * typ . Therefore, they are linearly independent at almost each point of g * . Moreover, every Casimir function K on g * can be locally expressed as a function of the elements of this set: K = K(C).
Proposition 3.11. Let C be the standard set of Casimir functions on the Lie algebra so(n).
Proof. From relation (3.15), taking into account thatX = X −1 ∀ X ∈ SO(n), we obtain that det(λE − P R ) = det(λE − P L ) on all M for any λ ∈ R. The thesis then follows from definition 3.9 of the set C.
In the following we shall denote withC the setC := C(P L ) = C(P R ) of s = Moreover, on all M typ (hence, almost everywhere on M ) we have
Proof. SinceC = C(P L ), formula (3.10) implies {C, P R } = 0. On the other hand, according to proposition 3.11 we also haveC = C(P R ), so that using again (3.10) we obtain {C, P L } = 0. Equality (3.36) is thus proved. Since both g and g * have been identified with the set of n×n skew-symmetric matrices, we have M typ = {m ∈ M : P L (m) ∈ g * typ }. Lemma 3.9 implies that rank C = n 2 at all points of g typ . Moreover, according to (3.18), P L : M → g is a regular map. Therefore, it follows from the definitionC = C • P L that equality (3.37) holds at all points m ∈ M typ . Formula (3.36) implies that Span dC ⊆ (Span dB) ∠ . Moreover, from (3.37), (3.31), and (3.27), we obtain that dim Span dC = n 2 = dim(Span dB)
∠ at all points of M typ . These relations imply (3.38).
Taking into account (3.19) and (3.20) , equality (3.38) also implies
Remark 3.2. For any function f : M → R, the condition {f, B} = 0 is equivalent to df ∈ (Span dB) ∠ . According to formula (3.38), the latter condition implies that locally f = g(C), where g : R [n/2] → R is an arbitrary function. Recalling the definition of the setC, this means that f = g(C(P L )) = c(P L ), where C is the standard set of Casimir functions, and therefore c := g • C is also a Casimir function. Taking into account proposition 3.11, we also have f = c(P R ). We conclude that the functions on M which are in involution with the whole set B are all and only the Casimir functions of the set P L (or equivalently P R ).
Free rotation of a classical rigid body
Let us consider the system with hamiltonian function of the form
where J is an operator in the N -dimensional linear space R N of impulses P L , with N = n(n − 1)/2. The map P L : T * G → R N = g is linear with respect to impulses p, see formula (3.7). Therefore the function H = H(P L (X)), H : T * G → R, at any point X ∈ G defines a quadratic form on cotangent space T * X G to G at X, and this quadratic form H| X := H| T * X G is invariant with respect to the action of G on itself by left shifts. This fact is the motivation of the following definition. Definition 3.4. We say that a system with hamiltonian function (3.40) describes the free motion of a point on a Lie group G provided with left-invariant metric.
Note that if the restriction H| X=e of H on T * e G is positively defined, then H defines on G a left-invariant riemannian metric, and the system with hamiltonian H defines a geodesic flow on cotangent bundle T * G which corresponds to this metric. (H can be considered as the kinetic energy T of the point.) From a mathematical point of view, the positivity of the 2-form H| X=e , which is transferred on all G by left shifts, is not important (see [19] ). Definition 3.5. Let the operator J in formula (3.40) be diagonal, and let its element be such that
with λ i > 0 for i = 1, . . . , n. In this particular case we also say that the system with hamiltonian function (3.40) describes the rotation of a rigid body in n-dimensional space, with generalized moments of inertia λ 1 , . . . , λ n . In the following of this section we will always consider systems of this type.
This result follows from relation (3.10).
Lemma 3.14. Let H = H λ have the form (3.41), and suppose that λ i = λ j for some i, j. Then {H, P L ij } = 0. Proof. From (3.8) and (3.41) we get for all i, j, 1 ≤ i < j ≤ n,
.
The right-hand side obviously vanishes when λ i = λ j . Note that the above formula is equivalent to the well-known Euler equations for the free rotation of a rigid body.
Denoting λ = (λ 1 , . . . , λ n ), let us group together the elements of the set λ which are equal to each other. More precisely, we suppose that there exist u distinct positive real numbers µ 1 , . . . , µ u , with 1 ≤ u ≤ n and µ h = µ k for h = k, such that
. . .
with p u = n. Let us consider the set q = q(λ) = (q 1 , . . . , q u ), where
The set of all possible λ can be divided into classes l(q) each characterized by a given set q = (q 1 , . . . , q u ), with q j ∈ N for j = 1, . . . , u, and u j=1 q j = n. The order of the different generalized moments of inertia µ h is not important, so one may always arrange them in such a way
For a given λ, consider the decomposition of R n which corresponds to this λ:
where dim L j = q j , λ ∈ l(q), q = (q 1 , . . . , q u ). Let us consider the subalgebra g(λ) ⊆ g = so(n) of all skew-symmetric matrices A such that the subspaces L j are invariant with respect to the action of the operators defined by these matrices for all j = 1, . . . , q:
Let us consider a cartesian basis in R n corresponding to the decomposition (3.43), and the set of skew-symmetric matrices which represent the elements of Lie algebra g in this basis. A basis of g is then given by the set of N matrices D ij of the form (2.2), with 1 ≤ i < j ≤ n. This basis is orthonormal with respect to the euclidean structure induced in g by the bilinear form (A, B) := Tr (ÃB)/2, for A, B ∈ g. Let I λ denote the set of the pairs of indexes which correspond to equal generalized moments of inertia. Recalling equalities (3.42), we have I λ = (I 1 , . . . , I u ), where
Then the set D λ := {D ij : (i, j) ∈ I λ } of matrices of the form (2.2) forms a basis of g λ . Let us consider the set P Lλ := {P L ij : (i, j) ∈ I λ } ⊆ P L of impulses of the form (3.7). The following proposition is an obvious consequence of lemmas 3.13 and 3.14. 
In other words, B λ contains the elements of B which are in involution with the hamiltonian H λ . We are now going to investigate whether it is possible to construct an integrable set using suitable functions of the set B λ and possibly H λ . We will find that this depends on the properties of the set λ or, more exactly, of the set of integers q(λ).
Let us consider a set of functions F = (F 1 , . . . , F p ) on the 2N -dimensional symplectic manifold M 2N . We suppose that rank F is the same almost everywhere. Let k = k(F ) be the maximal number of functionally independent functions, defined on all M 2N , which are functions of F and are in involution with all functions of set F . More exactly, there exists a set Z = (Z 1 , . . . , Z k ), Z j = Z j (F ), such that these functions are functionally independent almost everywhere on M and {Z, F } = 0 on M , and k is the maximum integer for which such a set Z exists. Definition 3.6. We will say that the number k is the centrality of the set F , while r = r(F ) := 2N − rank F − k(F ) is the defect of integrability of the set F . Lemma 3.16. For any set F (such that rank F is the same almost everywhere)
Proof. For any function Z = Z(F ), such that {Z, F } = 0 at m, we must obviously have z ∈ W . From this it easily follows that k(F ) ≤ dim W . The inequality r(F ) ≥ 0 follows instead from proposition 2.1.
Proposition 3.17. The centrality and defect of integrability of the set of functions B = (P L , P R ) are respectively
Proof. Equality (3.45) follows from proposition 3.12 and remark 3.2. Then equality (3.46) follows from (3.32).
Let P λ : g → g λ denote the projector onto the subalgebra g λ with respect to the euclidean structure in g introduced above. For any linear operator L : g → g, we denote by L| g λ its restriction to the subalgebra g λ . For any m ∈ M we can then consider the operators
where • denotes the composition of linear operators, and P L = P L (m). We define the three integers σ 
From these definitions and from (3.25) it is immediate to see that σ
In addition we have
where the last equality follows from (3.19) . Therefore (Span dB λ ) ∠ is the set of all those elements a ∈ Span dP L such that Π(a, dP
, where A ij are elements of a univocally determined skew-symmetric matrix A. Hence a = dP
where for the last equality use has been made of formula (3.11). The matrix elements on the right-hand side of the above formula, for (h, k) ∈ I λ , are just the components, with respect to the basis D λ , of the projection
∠ is in one-to-one correspondence with the linear space of matrices A ∈ so(n) such that
so that (3.50) is obtained by applying lemma 3.1 to the set B λ . From (3.53) and (3.52) it follows that
Let us then consider an arbitrary element w ∈ W . The condition w ∈ Span dB λ implies that there exist z 1 ∈ Span dP R and z 2 ∈ Span dP Lλ such that
Hence the condition w ∈ (Span dP R ) ∠ implies 0 = Π(w, dP R ) = Π(z 1 , dP R ). Therefore, recalling (3.19) and (3.20), we have
Using proposition 3.7 we thus conclude that
, where C is a skew-symmetric matrix such that [P L , C] = 0, i.e., C ∈ Ker ad P L . Finally, the condition w ∈ (Span dP Lλ ) ∠ , using again (3.57), implies 0 = Π(w, dP Lλ ) = Π(z 2 , dP Lλ ). Therefore
Using formula (3.54), we see that a covector a ∈ Span dP L belongs to Span dP
0. These two conditions on A can be simultaneously expressed as A ∈ S λ , where
, where C ∈ S := Ker ad P L and A ∈ S λ . It follows that
Since covectors dP L ij , 1 ≤ i < j ≤ n, are linearly independent (see proposition 3.2), according to (3.58) there exists a linear isomorphism between W and Span (S, S λ ). Therefore
Recalling (3.25) and (3.48), we have dim S = σ and dim 
Proof. Relation (3.60) follows from lemma 3.16 and formula (3.51). Then relation (3.61) follows from (3.50) and (3.60).
Note that formula (3.52) implies dim W ≤ dim(Span dB λ ) ∠ . Therefore using (3.55) and (3.51) we obtain the inequality σ
Let us consider again the set q = (q 1 , . . . , q u ) introduced after formula (3.42). If u = 1, i.e., q = (n), 0 < λ 1 = λ 2 = · · · = λ n , then g λ = g, so that σ On the right-hand side of formula (3.63), the function d(q) is defined as the number of odd q i , 1 ≤ i ≤ u or, equivalently:
Proof. We shall outline the scheme of the proof for the case u = 2, i.e., q = (q 1 , q 2 ), with q 1 + q 2 = n. The generalization to the case of arbitrary u should be obvious.
According to this decomposition, the matrix P L (m) ∈ so(n) can be represented in a blockwise form as
where A 1 ∈ so(q 1 ), A 2 ∈ so(q 2 ), whereas B is a generic q 1 ×q 2 matrix. According to remark 3.1, for a generic m ∈ M both matrices A 1 and A 2 will have pairwise different eigenvalues. By applying lemma 3.4 to the two subspaces L 1 and L 2 , it is possible to find a basis in each of them such that both matrices A 1 and A 2 have the normal block-diagonal form (3.21) . In these coordinates, any other arbitrary matrix Z ∈ so(n) can be represented as
where V 1 ∈ so(q 1 ), V 2 ∈ so(q 2 ), whereas U is a generic q 1 × q 2 matrix. We have Z ∈ g λ if and only if U = 0. For the commutator of P L and Z we obtain
(3.69)
We will have P λ ([P 
which corresponds to (3.63).
In a similar way, in order to evaluate the number σ λ 3 defined by formula (3.49), we observe that the kernel of the operator ad P L | g λ is made by the matrices Z of the form (3.65), with U = 0, such that [P L , Z] = 0. Using formulas (3.66)-(3.69), we find that V 1 and V 2 must simultaneously satisfy the conditions
and
We recall that A 1 and A 2 are skew-symmetric matrices in the normal blockdiagonal form (3.21), with pairwise different eigenvalues. Hence, according to lemma 3.4, conditions (3.70) imply that also V 1 and V 2 must have the normal block-diagonal form (3.21), with arbitrary eigenvalues. But then it is easy to verify that, for a generic B, condition (3.71) necessarily implies that all eigenvalues of V 1 and V 2 must be zero. From this we conclude that Z = 0, so that (3.64) is proved. Finally, in order to evaluate the number σ λ 1 defined by formula (3.47), we note that the kernel of the operator P λ • ad P L is made by the matrices Z of the form (3.65), such that C 1 = 0 and C 2 = 0 in (3.66). Introducing the matrices T 1 := BŨ − UB and T 2 :=BU −Ũ B, for such Z formulas (3.67)-(3.68) can be rewritten as
Hence U must be such that
where g 1 = so(q 1 ) and g 2 = so(q 2 ). According to formula (3.24), this is equivalent to
It is easy to check that, for a typical matrix B, the linear system of equations (3.74) can be solved with respect to s 1 + s 2 appropriately chosen elements of the matrix U . Therefore matrices U satisfying conditions (3.73) form a linear space having dimension q 1 q 2 − s 1 − s 2 . After choosing U in this space, in order to obtain an element Z ∈ Ker P λ • ad P L one has to take V 1 and V 2 satisfying equations (3.72). These are equivalent to
. According to corollary 3.5, we have dim ad
More exactly, equations (3.72) determine all elements of V 1 and V 2 except (V 1 ) 12 , (V 1 ) 34 , . . . , (V 1 ) 2s1−1,2s1 , and (V 2 ) 12 , (V 2 ) 34 , . . . , (V 2 ) 2s2−1,2s2 . These are s 1 +s 2 elements which can be arbitrarily chosen, in addition to q 1 q 2 − s 1 − s 2 elements of the matrix U previously considered. We thus conclude that σ λ 1 = q 1 q 2 , which corresponds to (3.62).
Let C j denote the standard set of Casimir functions for the adjoint action of the group SO(q j ) of orthogonal transformations on euclidean subspace L j ⊆ R n , j = 1, . . . , u, see definition 3.2. This set contains [q j /2] functions on the algebra so(q j ) which corresponds to the subspace L j ⊆ R n . We can consider these functions as functions on the algebra g = so(n). Let us consider the set C λ = (C 1 , . . . , C u ) of functions on g, obtained by collection of sets C j . Clearly C λ contains
obtained by making the composition of the functions of set C λ with the map P L . We have already introduced the setC = C • P L = C • P R (see proposition 3.11). Clearly C Lλ =C if u = 1. We will denote with Z λ the set of functions
The set Z λ contains z λ elements, where
Proposition 3.21. For any λ = (λ 1 , . . . , λ n ), each function of the set Z λ is in involution with each function of the set B λ :
Furthermore, almost everywhere in M = T * G, where G = SO(n), the set Z λ is functionally independent, i.e., rank Z λ = z λ .
Proof. The equality {C, B λ } = 0 follows from (3.36) . From the definition of Casimir function, and the fact that P L is a Poisson map, it follows that
, and equality (3.77) is proved.
According to proposition 3.12, applied to the group SO(n) and its subgroups SO(q j ), j = 1, . . . , u, both setsC and C Lλ are almost everywhere functionally independent, so that
It follows that
Let us then consider the set
Using (3.28) and (3.38) we see that
Since Span dC Lλ ⊆ Span dP Lλ , we obtain
On the other hand, any w ∈ G can be expressed as w = u i=1 w i , with w i ∈ Span dP
Li . For any z ∈ Span dP Li we have 0 = Π(w, z) = Π(w i , z). Hence w i ∈ Span dP Li ∩ (Span dP Li ) ∠ = Span dC Li , where the last equality follows from the application of (3.39) to the subspace L i . It follows that w ∈ Span dC Lλ . Hence, using (3.81) and (3.82), we conclude that
Recalling formula (3.64), and the equalities s λ = σ λ 3 = [n/2] for u = 1, we then obtain from (3.79) that rank Z λ = z λ for any u, so that the set Z λ is functionally independent.
Lemma 3.22. Almost everywhere in T * G we have
Moreover, if u > 1 we have
where k(B λ ) and r(B λ ) are respectively the centrality and the defect of integrability (see definition 3.6) of the set B λ .
Proof. Since the elements of Z λ are functions of B λ , from equality (3.77) it follows that Span dZ λ ⊆ W := Span dB λ ∩ (Span dB λ ) ∠ . From (3.51), taking into account (3.27), (3.63) and (3.64), we obtain that dim W = z λ . Moreover, we know from proposition 3.21 that the set Z λ is functionally independent, so that dim(Span dZ λ ) = z λ . Hence we conclude that Span dZ λ = W , so that (3.84) is proved. Equality (3.85) follows from (3.50) and (3.62). According to definition 3.6, the centrality of B λ is at least as great as the number of elements of Z λ , i.e., we have k(B λ ) ≥ z λ . On the other hand, using (3.27), (3.63) and (3.64), we obtain from (3.60) that k(B λ ) ≤ z λ . Therefore (3.86) is proved.
Finally, (3.87) follows from definition 3.6 and from equalities (3.85)-(3.86).
Note that one can easily prove, by induction on u, that r(B λ ) given by formula (3.87) is always an even integer.
The complete integrability of the system describing the free rotation of an n-dimensional rigid body can be proved by introducing the so-called Manakov's integrals [20] . It is not difficult to check that the function
where J is the diagonal n × n matrix with λ 1 , λ 2 , . . . , λ n as diagonal elements, is in involution with H λ for any value of the parameter ρ. Hence the coefficients of the polynomial P(ρ) in the variable ρ are also in involution with H λ , i.e. we have {c ij , H λ } = 0, where
These coefficients are not all functionally independent. One immediately sees that c kk is just a constant, and that c kj = 0 whenever k − j is odd. Furthermore it can be proved that, if one is only interested to functionally independent elements, then one need only consider coefficients c kj with k = 2, 3, . . . , n. It is easy to see that P(ρ) is in involution with all functions of the set B λ , so that {c ij , B λ } = 0. Moreover, one can prove that all coefficients c ij are mutually in involution, {c ij , c i ′ j ′ } = 0. This result provides in particular another proof of the fact that all these coefficients are integrals of the system with hamiltonian H λ , for it can be shown that H λ can be expressed as a linear combination of the functions c k,k−2 for k = 2, . . . , n.
It has been proved in general that the system with hamiltonian H λ is integrable [21, 16, 17] . In the general case in which all generalized moments of inertia are pairwise different, λ i = λ j for i = j, an integrable set of functions is given by (M ; P ′R ), where M = (c k,k−2i , k = 2, . . . , n, i = 1, 2, . . . , [k/2]) is the complete set of n k=2 [k/2] = (1/2)(n(n − 1)/2 + [n/2]) functionally independent coefficients c ij , and P ′R is a set of n(n − 1)/2 − [n/2] elements of P R , such that (C, P ′R ) is a functionally independent set. Hence this system is integrable with (1/2)(n(n − 1)/2 + [n/2]) central functions. The elements c ij of M such that j > 0 are called Manakov's integrals. The remaining [n/2] elements of ] , are independent of the moments of inertia λ, and form a set of Casimir functions equivalent to the set C introduced in section 3.1. Hence, an equivalent integral set of functions for the free n-dimensional rigid body with pairwise different moments of inertia is (C,M ; P ′R ), whereM is the set of (1/2)(n(n−1)/2−[n/2]) Manakov's integrals. When the moments of inertia are not all pairwise different, the set M is no longer functionally independent. However the integrability of the system is preserved, which means that one can construct an integrable set of functions whose central subset is made of the elements of Z λ and of a suitable subset ofM . According to proposition 2.1 such a subset ofM must contain just r/2 elements, where r = r(B λ ) is the defect of integrability of the set B λ and is given by formula (3.87). Therefore, the central subset will contain k(B λ ) + r(B λ )/2 elements. This result is expressed by the following proposition.
Proposition 3.23. The system with hamiltonian H = H λ given by formula (3.41) is integrable with
Manakov's integrals can be explicitly represented in the following form:
with 0 < l < k/2, where
We see that c k,k−2l is a homogeneous polynomial of degree 2l in the left-invariant momenta, while its coefficients a
Free rotation of a quantum rigid body
In order to quantize a free rigid body we have to consider the quantum impulseŝ P L ij ,P R ij , which are constructed according to formula (2.16) in correspondence with vector fields V L ij , V R ij respectively, 1 ≤ i < j ≤ n. However, if we want to apply to this system the concept of integral quantum system introduced in [1] , we are apparently faced by the problem that here the configuration space K = G = SO(n) is not a domain of the linear space R N . This problem is solved by the consideration of local coordinates on G. Note that the main part M F of a linear differential operator F (see definition in [1] ) is not defined intrinsically. However the symbol (M F ) smb can be considered as intrinsically defined, according to the following proposition. The proof of this proposition is obvious. The first part of the proposition, about the representation of S as a function on T * K, is actually the reformulation of well-known facts.
Let us consider the quantum system with hamiltonian operator
on C ∞ (SO(n)). We consider this system as the system describing the free rotation of a quantum n-dimensional rigid body. Proposition 3.25. For n ≤ 6 this quantum system is quasi-integrable for any λ, with the same numberk of central operators as the numberk(u) of central integrals of the corresponding classical system, see proposition 3.23 and Table  3 .
Moreover, if q = (n), this quantum system is quasi-integrable for any n with [n/2] central operators. If q = (1, n − 1), this quantum system is quasi-integrable for any n with n − 1 central operators.
Let us consider the setB := (P L ,P R ) containing 2N operators. LetĈ R denote the set of operators which are obtained by symmetrization with respect toP R from the functions of set The relation [Ĥ λ ,B λ ] = 0 then follows from {H λ , B λ } = 0 using proposition 4.2, case b, of [2] . Similarly, since Moreover, since all functions of F are homogeneous with respect to p, these functions coincide with their main parts with respect to p, i.e., M (F ) = F . It is also easy to see that the elements of F are the symbols of the main parts with respect top of the elements of the corresponding set of operatorsF , i.e., F = (MF ) smb . Hence, the quasi-independence of the sets of operatorsF follows immediately from the functional independence of set of functions F . One thus concludes thatF is an integrable set of operators with k(B λ ) central elements. One can also easily show that in these two cases,Ĥ λ is a linear combination of the elements ofẐ λ . The integrability of the system describing the free quantum rigid-body is thus proved for any n in the two cases q = (n) and q = (1, n − 1).
In the remaining cases, the classical integrable sets of functions generally include also one or more Manakov's integrals among their central elements. We define Manakov's operatorsĉ k,k−2l as the symmetrization of the classical functions (3.89) with respect to the left-invariant momenta:
with 0 < l < k/2. Note that, also in the quantum case, the hamiltonian operator H λ can be expressed as a linear combination of the operatorsĉ k,k−2 for k = 2, . . . , n. By applying again the results of [2] we easily see that [ĉ k,k−2l ,B λ ] = 0. However, no general theorem ensures that Manakov's operators commute witĥ H λ or among themselves. We will here limit ourselves to studying commutators between Manakov's operators of degree lower that 6 in the momenta. This will be sufficient to establish the quasi-integrability of the free quantum rigid body in spatial dimensions n ≤ 6.
The commutator between two Manakov's operators, when one of them is of second degree, can be evaluated by making use of proposition 2.3 of [2] , and of the algebra (3.92) of left-invariant momenta. In this way, with some computation we find for any l, h: and consequently [Ĥ λ ,ĉ 5,1 ] = 0. From these results it follows that the free quantum rigid body is a quasi-integrable system for spatial dimensions n ≤ 5. The integrable set of functions of the classical system can in fact be quantized by replacing Manakov's integrals with the corresponding operators. Since these operators are homogeneous in the momenta, the symbols of their main parts with respect top coincide with the corresponding classical functions. Hence the quasi-independence of the sets of operators is a consequence of the functional independence of the classical sets of functions.
For h = 6 the coefficient a Since for a generic set λ of generalized moments of inertia the above expression is different from 0, we have that in general [ĉ l,l−2 ,ĉ 6,2 ] = 0. Note also that, putting l = 3/2 in (3.99), we get a ij 3/2,−1/2 = 1/(λ i + λ j ), so that we can formally writê H λ = −ĉ 3/2,−1/2 . From the above formulas we thus directly obtain
,
. Henceĉ 6,2 is not in general an integral operator of the quantum system with hamiltonianĤ λ . By using again proposition 2.3 of [2] and commutation relations (3.92), one finds however that, for arbitrary symmetrical coefficients α ij = α ji , For n = 6, let us then consider the set of operatorsF which is obtained from the classical integrable set of functions F given by proposition 3.23, by replacing Manakov's integrals c l,l−2 (l = 3, . . . , 6), c 5,1 , and c 6,2 , with the operatorsĉ l,l−2 , c 5,1 , andĈ 6,2 respectively. In order to prove that this set of operators satisfies the required commutation relations, we still have to show that On the other hand, the commutator [ĉ 5,1 ,ĉ 6,2 ] between two fourth-order symmetrized polynomials cannot be worked out with the tools provided in [2] . By means of a straightforward and quite heavy calculation, we have verified that this commutator is indeed just the opposite of the expression (3.104), so that equality (3.103) actually holds. Of course, the symbol of the main part ofĈ 6,2 coincides with the classical function c 6,2 , so that the quasi-independence of the setF again follows from the functional independence of the classical set F . We conclude thatF is a quasi-integrable set of operators. The proposition is thus completely proved.
We have seen that, for n ≥ 6, the correct quantization of Manakov's integral c 6,2 does not coincide with the symmetrization of the classical function with respect to the left-invariant momenta. We have nevertheless provided a recipe to achieve the quasi-integrability of the free quantum rigid body for n = 6 for arbitrary moments of inertia λ. We can conjecture that analogous procedures can lead to the quasi-integrability of this quantum system also for n > 6. However, we are unable at the moment to prove that this conjecture is true.
